
Based on the talk given by Daiki Ueda at HPNP 2023

In collaboration with Daiki Ueda and Naoto Kan

          Phys.Rev.D 108 (2023) 2, 025011 ; JHEP 07 (2023) 111 

Entropy constraints  
on effective field theory

Qing-Hong Cao 
Peking University



• Effective Field Theory (EFT):

Introduction

2

Energy scale

EFT

Integrating out

- EFT is generated by integrating out dynamical degrees of freedom   

Heavy degrees of freedom

Interaction 
Light degrees of freedom

In the case of no new resonances seen at the LHC, the Standard Model 
Effective Field Theory (SMEFT) is a suitable tool to describe NP.
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Henning, Lu, Murayama, 1412.1837

In the case of no new resonances seen at the LHC, the Standard Model 
Effective Field Theory (SMEFT) is a suitable tool to describe NP.

New Physics and effective field theory



New Physics and effective field theory
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In the case of no new resonances seen at the LHC, the Standard Model 
Effective Field Theory (SMEFT) is a suitable tool to describe NP.

Fermi’s theory Euler-Heisenberg Lagrangian
ℒ = ℒSM +

ci

Λ2
𝒪i + . . .

Henning, Lu, Murayama, 1412.1837



New Physics and effective field theory
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Standard Model 
EFT space

SUSY CHM ⋯

ℒ = ℒSM +
ci

Λ2
𝒪i + . . .

Henning, Lu, Murayama, 1412.1837

d.o.f. symmetries scale

describes (infinitely) NP models by 

finite Wilson coefficients


determined by global fit to LHC data

top-down 
approach



New Physics and effective field theory
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ℒ = ℒSM +
ci

Λ2
𝒪i + . . .

Standard Model 
EFT space

UV1
UV2

UV-3
…

infinite NP models

Step 1

Step 2
EFT
analysis

LHC inverse problem:  
       Once coefficients are known from LHC,   
       how and to what extent can we determine the models?

unknown 
scale

unknown 
d.o.f

unknown 
Running

Bottom-up approach



New Physics and effective field theory
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Henning, Lu, Murayama, 1412.1837

Assumptions:

one and only one NP scale

SM running effects

dim − 5 (LH)2

Λ

dim − 6 59
dim − 7 948 + 594
⋮

L. Lehman 1410.4193;  
Y. Liao .et al. 1607.07309;  
H.L.Li et al. 2005.00008  
B. Henning etc. 1512.03433,  
H.L. Li et al, 2012.09188;; 2201.04639; 
…

Independent 
operator sets

Step 1

Step 2
EFT
analysis

Bottom-up approach



LHC inverse problem: Positivity bounds in SMEFTThe inverse problem
Many BSM models

The SMEFT space

• SMEFT is useful because it describes 
(infinitely) many models by finitely 
many Wilson coefficients.


• They are being determined by global 
fit to LHC data.

Many BSM models

The SMEFT space
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• The inverse problem: once coefficients are known 
from low energy EXPs, how, and to what extend, 
can we go up and determine the models? 
[Gu, Wang, 2008.07551] [S. Dawson et al. 2007.01296] 
[N. Arkani-Hamed et al. hep-ph/0512190]

• Positivity tells us when this is impossible, and 
much more. 8



Positivity bounds on dim-8 operators in SMEFT
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4.1 Single field strength quartics

Let us first consider bounding the operators in Table 1 that contain a single type of gauge field.
It will be useful to first generalize to gauge group SU(N) for N arbitrary, writing the gauge
field as Aa

µ
and field strength at F a

µ⌫
. As shown in Ref. [86], there are eight CP-conserving and

four CP-violating operators of the form F 4, given in Table 4; the larger number of operators,
compared to the SU(3) operators in Table 1, is due to the fact that the identities in Eq. (20) do
not apply for general N .

O
F

4

1 (F aF a)(F bF b)

O
F

4

2 (F a eF a)(F b eF b)

O
F

4

3 (F aF b)(F aF b)

O
F

4

4 (F a eF b)(F a eF b)

O
F

4

5 dabedcde(F aF b)(F cF d)

O
F

4

6 dabedcde(F a eF b)(F c eF d)

O
F

4

7 dacedbde(F aF b)(F cF d)

O
F

4

8 dacedbde(F a eF b)(F c eF d)
eOF

4

1 (F aF a)(F b eF b)
eOF

4

2 (F aF b)(F a eF b)
eOF

4

3 dabedcde(F aF b)(F c eF d)
eOF

4

4 dacedbde(F aF b)(F c eF d)

Table 4: Basis of independent operators for SU(N) Yang-Mills theory that are quartic in gauge
field strengths. Notation is as in Table 1.

We first consider the constraint that causality imposes on this more general set of operators.
Taking the Lagrangian �

1
4F

a

µ⌫
F aµ⌫ + 1

M4

P
i
ciOi, for the Oi in Table 4, the leading-order (i.e.,

uncorrected Yang-Mills) equation of motion is

DµF a

µ⌫
= @µF a

µ⌫
+ g fabcAµbF c

µ⌫
= 0, (25)

where g is the gauge coupling. This equation of motion is solved by a constant F a

µ⌫
, so we take

the background gauge field to be
A

a

µ
= ua

1✏1µw, (26)

where u1 is a constant real vector in color space, ✏1 is a constant four-vector of arbitrary signature,
and w is an arbitrary Cartesian coordinate in spacetime, i.e., @µw = `µ, where `µ is a constant

18

Dim-8 operators in  gauge theory SU(N)

analyticity of gluon-gluon scattering requires the same bound in Eq. (34) as implied by causality.
Marginalizing over  , we have the requirements:14

A > 0, B > 0, and C2 < 4AB, (36)

which must be satisfied for all u1,2 for which fabcua

1u
b

2 = 0. Note that if all the CP-conserving
terms vanish (so that A = B = 0), then the CP-violating terms are forced to vanish as well,
since all our Wilson coefficients are real; we will discuss this feature further in Sec. 5.3.

4.1.1 SU(3)

Let us determine the consequences of the bound in Eq. (36) for SU(3)C . For N = 3, we can
rewrite O7, O8, and eO4 in Table 4 in terms of the other operators, resulting in the basis for O

G
4

i
,

eOG
4

i
in Table 1. Moreover, for SU(3) the identities in Eqs. (17) and (20) imply that U2 = u2

1u
2
2/3,

so we can redefine A, B, C as

A = 3cG
4

3 + 2cG
4

5 + 3(2cG
4

1 + cG
4

3 ) cos2 ⇣

B = 3cG
4

4 + 2cG
4

6 + 3(2cG
4

2 + cG
4

4 ) cos2 ⇣

C = 3ecG4

2 + 2ecG4

3 + 3(2ecG4

1 + ecG4

2 ) cos2 ⇣.

[for SU(3)] (37)

Since the bound in Eq. (36) is now linear in cos2 ⇣, we obtain a basis of bounds by considering
the two cases of cos2 ⇣ = 0 or 1, so the independent bounds are

3cG
4

1 + 3cG
4

3 + cG
4

5 > 0

3cG
4

3 + 2cG
4

5 > 0

3cG
4

2 + 3cG
4

4 + cG
4

6 > 0

3cG
4

4 + 2cG
4

6 > 0

(3ecG4

1 + 3ecG4

2 + ecG4

3 )2 < 4(3cG
4

1 + 3cG
4

3 + cG
4

5 )(3cG
4

2 + 3cG
4

4 + cG
4

6 )

(3ecG4

2 + 2ecG4

3 )2 < 4(3cG
4

3 + 2cG
4

5 )(3cG
4

4 + 2cG
4

6 ).

[for SU(3)] (38)

4.1.2 SU(2)

For the case of SU(2)
L
, the basis and bounds simplify further. The dabc coefficients all vanish

for SU(2), so we reduce to the basis of O
W

4

i
, eOW

4

i
in Table 1 and have U2 = 0. Moreover, since

14In particular, one obtains A > 0 by setting  = 0, B > 0 by setting  = ⇡/2, and C
2

< 4AB by setting
 = ± arctan

p
A/B. One does not find the third bound on the CP-violating term by considering strictly

parallel or perpendicular polarizations alone; equivalently, it would not be obtained by considering positivity
bounds from fixed-helicity amplitudes, but only from superpositions thereof.

21

For SU(3) gauge theory

Cheung, Remmen, 1601.04068

Remmen, Rodd, 1908.09845

Analyticity 
Unitarity 
Locality



• Effective Field Theory (EFT):

An alternative perspective

Energy scale

UV informationEFT

Integrating out

⇒ Relative entropy characterizes their difference

- Information on UV theory is transferred through interaction b/w heavy and light degrees of freedom   

- EFT is generated by integrating out dynamical degrees of freedom   

Heavy degrees of freedom

Differences between theories with and without interaction characterize UV information

Interaction 
Light degrees of freedom

10



Relative entropy
• Definition of relative entropy b/w two probability distribution functions  and ρA ρB

11

S(ρA | |ρB) ≡ Tr [ρA ln ρA − ρA ln ρB]

※ Tr[ρA] = Tr[ρB] = 1, ρA = ρ†
A, ρB = ρ†

B

- relative entropy is non-negative

A proof: 

: a convex functionf(x)

xB xA

f(xB)

f(xA)

f′￼(xB)

( f(xA) − f(xB))/(xA − xB)

⇒ Tr[ f(ρA) − f(ρB) − (ρA − ρB)f′￼(ρB)] ≤ 0

Relative entropy characterizes difference between two probability distributions 

S(ρA | |ρB) ≥ 0
 (convex function)f(x) → − x ln x

※ equality holds if and only if  ρA = ρB Property of convex function: f′￼(xB)(xA − xB) ⋅≤f(xA) − f(xB)



S(ρA | |ρB) ≡ Tr [ρA ln ρA − ρA ln ρB]

Relative entropy and our idea
• Definition of relative entropy b/w two probability distribution functions  and ρA ρB

12

- relative entropy is non-negative

≥ 0
※ equality holds if and only if  ρA = ρB

• Relative entropy provides quantitative difference between two things defined 
by probability distribution functions

Ex. ρA ρB

S(ρA | |ρB) > 0 S(ρA | |ρB) = 0
What about relative entropy b/w theories with and without interaction?  
⇒ We have to define probability distribution for each theory.



Probability distributions of theories

Probability distribution function: P[ϕ, Φ] = e−I[ϕ,Φ]/Z

where : Euclidean action, : light fields, : heavy fields I ϕ Φ

Partition function: Z = ∫ d[ϕ]d[Φ]e−I[ϕ,Φ]

• We define probability distributions of theory described by Euclidean action  as follows:I

13



Probability distributions of theories

Probability distribution function: P[ϕ, Φ] = e−I[ϕ,Φ]/Z

• Relative entropy between two theories

S(PA | |PB) ≡ ∫ d[ϕ]d[Φ](PA ln PA − PA ln PB) ≥ 0

where  PA = e−IA/ZA, PB = e−IB/ZB

where : Euclidean action, : light fields, : heavy fields I ϕ Φ

Partition function: Z = ∫ d[ϕ]d[Φ]e−I[ϕ,Φ]

• We define probability distributions of theory described by Euclidean action  as follows:I

14



A :  I0[ϕ, Φ] B :  I0[ϕ, Φ] + II[ϕ, Φ]

• We define  by introducing parameter  I0[ϕ, Φ] + g ⋅ II[ϕ, Φ] g

g
0 1

Definition of two theories No interaction b/w  and  ϕ Φ

We consider relative entropy S(PA | |PB)

Interaction b/w  and  ϕ Φ

※ ( , ) of A is the same as that of BΦ ϕ

• We consider theories described by 

15

I0[ϕ, Φ] + II[ϕ, Φ]
※ : heavy fields, : light fieldsΦ ϕ
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   PA = e−I0[ϕ,Φ]/Z0  PB = e−(I0[ϕ,Φ]+gII[ϕ,Φ])/ZgS(PA | |PB) = ∫ d[ϕ]d[Φ][PA ln PA − PA ln PB]

Relative entropy between two theories
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   PA = e−I0[ϕ,Φ]/Z0  PB = e−(I0[ϕ,Φ]+gII[ϕ,Φ])/ZgS(PA | |PB) = ∫ d[ϕ]d[Φ][PA ln PA − PA ln PB]

Relative entropy between two theories

= W0 − Wg + g (
∂Wg

∂g )
g=0

≥ 0 Wg = − ln Zg, W0 = − ln Z0Effective actions:
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   PA = e−I0[ϕ,Φ]/Z0  PB = e−(I0[ϕ,Φ]+gII[ϕ,Φ])/ZgS(PA | |PB) = ∫ d[ϕ]d[Φ][PA ln PA − PA ln PB]

Relative entropy between two theories

= W0 − Wg + g (
∂Wg

∂g )
g=0

≥ 0 Wg = − ln Zg, W0 = − ln Z0Effective actions:

 yields constraints on the Euclidean effective actionsS(PA | |PB)
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   PA = e−I0[ϕ,Φ]/Z0  PB = e−(I0[ϕ,Φ]+gII[ϕ,Φ])/ZgS(PA | |PB) = ∫ d[ϕ]d[Φ][PA ln PA − PA ln PB]

Relative entropy between two theories

= W0 − Wg + g (
∂Wg

∂g )
g=0

≥ 0

S(PA | |PB) → tr [PA ln PA − PA ln PB]    PA → e−H0/Z0  PB → e−(H0+gHI)/Zg

Wg = − ln Zg, W0 = − ln Z0= W0 − Wg + g (
∂Wg

∂g )
g=0

≥ 0

even in quantum mechanical system

Wg = − ln Zg, W0 = − ln Z0Effective actions:

 yields constraints on the Euclidean effective actionsS(PA | |PB)
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A

• Relative entropy:

ProbabilityTheory

B

Action Partition function

I0[x, X] = M2X2 + m2x2

Ig[x, X] = I0[x, X] + g ⋅ x ⋅ X

Example 1 : Gaussian distribution functions

P0 = e−I0[x,X]/Z0[x]

Pg = e−Ig[x,X]/Zg[x]

Z0[x] = ∫
∞

−∞
dXe−I0[x,X] = e−m2x2 π

m

Zg[x] = ∫
∞

−∞
dXe−Ig[x,X] = Z0[x] ⋅ eg2x2/4M2

S(P0 | |Pg) = W0 − Wg + g (
∂Wg

∂g )
g=0

※ : heavy degrees of freedom, : BG like degrees of freedomX x
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A

ProbabilityTheory

B

Action Partition function

Wg = − ln Zg

W0 = − ln Z0

I0[x, X] = M2X2 + m2x2

Ig[x, X] = I0[x, X] + g ⋅ x ⋅ X

Example 1 : Gaussian distribution functions

P0 = e−I0[x,X]/Z0[x]

Pg = e−Ig[x,X]/Zg[x]

Z0[x] = ∫
∞

−∞
dXe−I0[x,X] = e−m2x2 π

m

Zg[x] = ∫
∞

−∞
dXe−Ig[x,X] = Z0[x] ⋅ eg2x2/4M2

= 0

S(P0 | |Pg) = W0 − Wg + g (
∂Wg

∂g )
g=0

• Relative entropy:

※ : heavy degrees of freedom, : BG like degrees of freedomX x
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A

ProbabilityTheory

B

Action Partition function

I0[x, X] = M2X2 + m2x2

Ig[x, X] = I0[x, X] + g ⋅ x ⋅ X

Example 1 : Gaussian distribution functions

P0 = e−I0[x,X]/Z0[x]

Pg = e−Ig[x,X]/Zg[x]

Z0[x] = ∫
∞

−∞
dXe−I0[x,X] = e−m2x2 π

m

Zg[x] = ∫
∞

−∞
dXe−Ig[x,X] = Z0[x] ⋅ eg2x2/4M2

S(P0 | |Pg) = W0 − Wg = g2 ⋅
x2

4M2
≥ 0

• Relative entropy: Wg = − ln Zg

W0 = − ln Z0
※ : heavy degrees of freedom, : BG like degrees of freedomX x
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A

ProbabilityTheory

B

Action Partition function

I0[x, X] = M2X2 + m2x2

Ig[x, X] = I0[x, X] + g ⋅ x ⋅ X

Example 1 : Gaussian distribution functions

P0 = e−I0[x,X]/Z0[x]

Pg = e−Ig[x,X]/Zg[x]

Z0[x] = ∫
∞

−∞
dXe−I0[x,X] = e−m2x2 π

m

Zg[x] = ∫
∞

−∞
dXe−Ig[x,X] = Z0[x] ⋅ eg2x2/4M2

S(P0 | |Pg) = W0 − Wg = g2 ⋅
x2

4M2
≥ 0

• Relative entropy:

Shift of effective action is negative because of non-negativity 
of relative entropy

※ : heavy degrees of freedom, : BG like degrees of freedomX x
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i
・・・σ1 σ2 σ3 σN−1 σN

J

where spin of : i σi = ± 1

ProbabilityTheory

B

Hamiltonian Partition function

H0 = − J
N

∑
i=1

σiσi+1magnetic field  = 0

Hg = − J
N

∑
i=1

σiσi+1 − gH
N

∑
j=1

σj
magnetic field  ≠ 0

※ : heavy degrees of freedom, : light degrees of freedomσi H

ρ0 = e−β⋅H0/Z0

ρg = e−βHg/Zg Zg = Tr[e−βHg]

Z0 = Tr[e−βH0]

: interaction strength : Magnetic fieldH

Example 2 : Ising model in one dimension
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ProbabilityTheory

B

Hamiltonian Partition function

ρ0 = e−β⋅H0/Z0

ρg = e−βHg/Zg Zg = Tr[e−βHg]

Z0 = Tr[e−βH0]magnetic field  = 0

magnetic field  ≠ 0

• Relative entropy:

Hg = − J
N

∑
i=1

σiσi+1 − gH
N

∑
i=1

σj

H0 = − J
N

∑
i=1

σiσi+1

Example 2 : Ising model in one dimension

S(ρ0 | |ρg) = W0 − Wg = N ⋅ ln
e−4β⋅J + cosh(β ⋅ g ⋅ H) + (sinh(β ⋅ g ⋅ H))2

1 + e−4β⋅J
≥ 0

≥ 1

Non-negativity of relative entropy explain why the free energy of the spin 
system decrease by external magnetic field

※ : dynamical degrees of freedom, : BG fieldσi H
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Example 3 : Tree level matching of Higgs-singlet model 
• Consider the SM Higgs  coupled to a real singlet field H s
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• Consider the SM Higgs  coupled to a real singlet field H s
Theory

A I0 = ∫ d4x[ |DμH |2 +
1
2

(∂μs)2 − (μ2
0 |H |2 + λ0 |H |4 +

1
2

M2s2 +
gs ⋅ A1

3
s3 +

λs

4
s4)]

Action in Minkowski space

No interaction 
b/w H and s

Example 3 : Tree level matching of Higgs-singlet model 
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• Consider the SM Higgs  coupled to a real singlet field H s
Theory

A I0 = ∫ d4x[ |DμH |2 +
1
2

(∂μs)2 − (μ2
0 |H |2 + λ0 |H |4 +

1
2

M2s2 +
gs ⋅ A1

3
s3 +

λs

4
s4)]

Action in Minkowski space

No interaction 
b/w H and s

Ig = I0 + g ⋅ ∫ d4x ( κ
2

|H |2 s2 − A1 |H |2 s)B
With interaction 

b/w H and s

Interaction b/w heavy and light fields 

Example 3 : Tree level matching of Higgs-singlet model 
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• Consider the SM Higgs  coupled to a real singlet field H s
Theory

A I0 = ∫ d4x[ |DμH |2 +
1
2

(∂μs)2 − (μ2
0 |H |2 + λ0 |H |4 +

1
2

M2s2 +
gs ⋅ A1

3
s3 +

λs

4
s4)]

Action in Minkowski space

No interaction 
b/w H and s

Ig = I0 + g ⋅ ∫ d4x ( κ
2

|H |2 s2 − A1 |H |2 s)B
With interaction 

b/w H and s

Interaction b/w heavy and light fields 

Probability

PA = e−I0[H,s]/Z0

PB = e−Ig[H,s]/Zg

Partition function

Z0 = ∫ d[H]d[s]e−I0[H,s]

Zg = ∫ d[H]d[s]e−Ig[H,s]

Example 3 : Tree level matching of Higgs-singlet model 



30

• Consider the SM Higgs  coupled to a real singlet field H s
Theory

A I0 = ∫ d4x[ |DμH |2 +
1
2

(∂μs)2 − (μ2
0 |H |2 + λ0 |H |4 +

1
2

M2s2 +
gs ⋅ A1

3
s3 +

λs

4
s4)]

Action in Minkowski space

No interaction 
b/w H and s

Ig = I0 + g ⋅ ∫ d4x ( κ
2

|H |2 s2 − A1 |H |2 s)B
With interaction 

b/w H and s

Probability

PA = e−I0[H,s]/Z0

PB = e−Ig[H,s]/Zg

Partition function

Z0 = ∫ d[H]d[s]e−I0[H,s]

Zg = ∫ d[H]d[s]e−Ig[H,s]

S(PA | |PB) = W0 − Wg + g ⋅ (
dWg

dg )
g=0

• Relative entropy:

Example 3 : Tree level matching of Higgs-singlet model 
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• Consider the SM Higgs  coupled to a real singlet field H s
Theory

A I0 = ∫ d4x[ |DμH |2 +
1
2

(∂μs)2 − (μ2
0 |H |2 + λ0 |H |4 +

1
2

M2s2 +
gs ⋅ A1

3
s3 +

λs

4
s4)]

Action in Minkowski space

No interaction 
b/w H and s

Ig = I0 + g ⋅ ∫ d4x ( κ
2

|H |2 s2 − A1 |H |2 s)B
With interaction 

b/w H and s

Probability

PA = e−I0[H,s]/Z0

PB = e−Ig[H,s]/Zg

Partition function

Z0 = ∫ d[H]d[s]e−I0[H,s]

Zg = ∫ d[H]d[s]e−Ig[H,s]

S(PA | |PB) = W0 − Wg + g ⋅ (
dWg

dg )
g=0

• Relative entropy:

Wg = ∫ (d4x)E[μ2
0 |H |2 + λ0 |H |4 −

g2 ⋅ A2
1 |H |4

2M2
+ 𝒪(g3)

Effective potential: 

Example 3 : Tree level matching of Higgs-singlet model 
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• Consider the SM Higgs  coupled to a real singlet field H s
Theory

A I0 = ∫ d4x[ |DμH |2 +
1
2

(∂μs)2 − (μ2
0 |H |2 + λ0 |H |4 +

1
2

M2s2 +
gs ⋅ A1

3
s3 +

λs

4
s4)]

Action in Minkowski space

No interaction 
b/w H and s

Ig = I0 + g ⋅ ∫ d4x ( κ
2

|H |2 s2 − A1 |H |2 s)B
With interaction 

b/w H and s

Probability

PA = e−I0[H,s]/Z0

PB = e−Ig[H,s]/Zg

Partition function

Z0 = ∫ d[H]d[s]e−I0[H,s]

Zg = ∫ d[H]d[s]e−Ig[H,s]

• Relative entropy:

Wg = ∫ (d4x)E[μ2
0 |H |2 + λ0 |H |4 −

g2 ⋅ A2
1 |H |4

2M2
+ 𝒪(g3)

Effective potential: 

S(PA | |PB) = W0 − Wg + g ⋅ (
dWg

dg )
g=0

= ∫ (d4x)E
g2 ⋅ A2

1 |H |4

2M2
+ 𝒪(g3)

Example 3 : Tree level matching of Higgs-singlet model 
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• Consider the SM Higgs  coupled to a real singlet field H s
ProbabilityTheory

B

Action Partition function

Z0 = ∫ d[H]d[s]e−I0[H,s]

Zg = ∫ d[H]d[s]e−Ig[H,s]

PA = e−I0[H,s]/Z0

PB = e−Ig[H,s]/Zg

A I0 = ∫ d4x[ |DμH |2 +
1
2

(∂μs)2 − (μ2
0 |H |2 + λ0 |H |4 +

1
2

M2s2 +
gs ⋅ A1

3
s3 +

λs

4
s4)]

Ig = I0 + g ⋅ ∫ d4x ( κ
2

|H |2 s2 − A1 |H |2 s)

S(PA | |PB) = W0 − Wg + g ⋅ (
dWg

dg )
g=0

= ∫ (d4x)E
g2 ⋅ A2

1 |H |4

2M2
+ 𝒪(g3)

• Non-negativity of relative entropy:

≥ 0

Example 3 : Tree level matching of Higgs-singlet model 
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• Consider the SM Higgs  coupled to a real singlet field H s
ProbabilityTheory

B

Action Partition function

Z0 = ∫ d[H]d[s]e−I0[H,s]

Zg = ∫ d[H]d[s]e−Ig[H,s]

PA = e−I0[H,s]/Z0

PB = e−Ig[H,s]/Zg

A I0 = ∫ d4x[ |DμH |2 +
1
2

(∂μs)2 − (μ2
0 |H |2 + λ0 |H |4 +

1
2

M2s2 +
gs ⋅ A1

3
s3 +

λs

4
s4)]

Ig = I0 + g ⋅ ∫ d4x ( κ
2

|H |2 s2 − A1 |H |2 s)

⇒
g2 ⋅ A2

1 |H |4

2M2
≥ 0S(PA | |PB) = W0 − Wg + g ⋅ (

dWg

dg )
g=0

= ∫ (d4x)E
g2 ⋅ A2

1 |H |4

2M2
+ 𝒪(g3)

• Non-negativity of relative entropy:

Example 3 : Tree level matching of Higgs-singlet model 

≥ 0

when  is negligible𝒪(g3)
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• Consider the SM Higgs  coupled to a real singlet field H s
ProbabilityTheory

B

Action Partition function

Z0 = ∫ d[H]d[s]e−I0[H,s]

Zg = ∫ d[H]d[s]e−Ig[H,s]

PA = e−I0[H,s]/Z0

PB = e−Ig[H,s]/Zg

A I0 = ∫ d4x[ |DμH |2 +
1
2

(∂μs)2 − (μ2
0 |H |2 + λ0 |H |4 +

1
2

M2s2 +
gs ⋅ A1

3
s3 +

λs

4
s4)]

Ig = I0 + g ⋅ ∫ d4x ( κ
2

|H |2 s2 − A1 |H |2 s)

• Non-negativity of relative entropy:

Non-negativity of relative entropy holds in Higgs-singlet model
※ Non-negativity always holds when  is included𝒪(g4)

Example 3 : Tree level matching of Higgs-singlet model 

⇒
g2 ⋅ A2

1 |H |4

2M2
≥ 0S(PA | |PB) = W0 − Wg + g ⋅ (

dWg

dg )
g=0

= ∫ (d4x)E
g2 ⋅ A2

1 |H |4

2M2
+ 𝒪(g3)

when  is negligible𝒪(g3)

≥ 0



A

36

ProbabilityTheory

B

Action in Minkowski space Partition function

I0 = ∫ d4x (−
1
4

FμνFμν + ψ̄(iγμ∂μ − m)ψ)

Example 4 : Euler-Heisenberg theory

Ig = ∫ d4x (−
1
4

FμνFμν + ψ̄(iγμ∂μ − m)ψ − g ⋅ e(ψ̄γμψ)Aμ)

• Consider the U(1) gauge field  coupled to a charged fermion Aμ ψ
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ProbabilityTheory

B

Partition function

I0 = ∫ d4x (−
1
4

FμνFμν + ψ̄(iγμ∂μ − m)ψ)
Ig = ∫ d4x (−

1
4

FμνFμν + ψ̄(iγμ∂μ − m)ψ − g ⋅ e(ψ̄γμψ)Aμ)
Interaction b/w heavy filed  and light field  ψ Aμ

Action in Minkowski space
• Consider the U(1) gauge field  coupled to a charged fermion Aμ ψ
Example 4 : Euler-Heisenberg theory
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ProbabilityTheory

B

Partition function

I0 = ∫ d4x (−
1
4

FμνFμν + ψ̄(iγμ∂μ − m)ψ)
Ig = ∫ d4x (−

1
4

FμνFμν + ψ̄(iγμ∂μ − m)ψ − g ⋅ e(ψ̄γμψ)Aμ)
Interaction b/w heavy filed  and light field  ψ Aμ

PA = e−I0[Aμ,ψ]/Z0

PB = e−Ig[Aμ,ψ]/Zg

Z0 = ∫ d[Aμ]d[ψ]d[ψ̄]e−I0[Aμ,ψ]

Zg = ∫ d[Aμ]d[ψ]d[ψ̄]e−Ig[Aμ,ψ]

Action in Minkowski space

Example 4 : Euler-Heisenberg theory
• Consider the U(1) gauge field  coupled to a charged fermion Aμ ψ



A

39

ProbabilityTheory

B

Partition function

I0 = ∫ d4x (−
1
4

FμνFμν + ψ̄(iγμ∂μ − m)ψ)
Ig = ∫ d4x (−

1
4

FμνFμν + ψ̄(iγμ∂μ − m)ψ − g ⋅ e(ψ̄γμψ)Aμ)

PA = e−I0[Aμ,ψ]/Z0

PB = e−Ig[Aμ,ψ]/Zg

Z0 = ∫ d[Aμ]d[ψ]d[ψ̄]e−I0[Aμ,ψ]

Zg = ∫ d[Aμ]d[ψ]d[ψ̄]e−Ig[Aμ,ψ]

S(PA | |PB) = W0 − Wg + g ⋅ (
dWg

dg )
g=0

• Relative entropy:

Action in Minkowski space

Example 4 : Euler-Heisenberg theory
• Consider the U(1) gauge field  coupled to a charged fermion Aμ ψ
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ProbabilityTheory

B

Partition function

I0 = ∫ d4x (−
1
4

FμνFμν + ψ̄(iγμ∂μ − m)ψ)
Ig = ∫ d4x (−

1
4

FμνFμν + ψ̄(iγμ∂μ − m)ψ − g ⋅ e(ψ̄γμψ)Aμ)

PA = e−I0[Aμ,ψ]/Z0

PB = e−Ig[Aμ,ψ]/Zg

Z0 = ∫ d[Aμ]d[ψ]d[ψ̄]e−I0[Aμ,ψ]

Zg = ∫ d[Aμ]d[ψ]d[ψ̄]e−Ig[Aμ,ψ]

S(PA | |PB) = W0 − Wg + g ⋅ (
dWg

dg )
g=0

• Relative entropy:

Wg = ∫ (d4x)E( 1
4

FμνFμν −
1
2

g4e4

6!π2m4
(FμνFμν)2 −

7
8

g4e4

6!π2m4
(Fμν F̃ μν)2 + 𝒪(m−6))

g

g g

g

Action in Minkowski space

Example 4 : Euler-Heisenberg theory
• Consider the U(1) gauge field  coupled to a charged fermion Aμ ψ
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ProbabilityTheory

B

Partition function

I0 = ∫ d4x (−
1
4

FμνFμν + ψ̄(iγμ∂μ − m)ψ)
Ig = ∫ d4x (−

1
4

FμνFμν + ψ̄(iγμ∂μ − m)ψ − g ⋅ e(ψ̄γμψ)Aμ)

PA = e−I0[Aμ,ψ]/Z0

PB = e−Ig[Aμ,ψ]/Zg

Z0 = ∫ d[Aμ]d[ψ]d[ψ̄]e−I0[Aμ,ψ]

Zg = ∫ d[Aμ]d[ψ]d[ψ̄]e−Ig[Aμ,ψ]

S(PA | |PB) = W0 − Wg + g ⋅ (
dWg

dg )
g=0

• Relative entropy:

Wg = ∫ (d4x)E( 1
4

FμνFμν −
1
2

g4e4

6!π2m4
(FμνFμν)2 −

7
8

g4e4

6!π2m4
(Fμν F̃ μν)2 + 𝒪(m−6))

g

g g

g

where we choose  to remove dim-6 operators∂F = const .
g g

⊃ g2 ⋅ ∫ (d4x)E(∂2FF), ⋯ ⇒ 0, for ∂F = const .

Action in Minkowski space

Example 4 : Euler-Heisenberg theory
• Consider the U(1) gauge field  coupled to a charged fermion Aμ ψ
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ProbabilityTheory

B

Partition function

I0 = ∫ d4x (−
1
4

FμνFμν + ψ̄(iγμ∂μ − m)ψ)
Ig = ∫ d4x (−

1
4

FμνFμν + ψ̄(iγμ∂μ − m)ψ − g ⋅ e(ψ̄γμψ)Aμ)

PA = e−I0[Aμ,ψ]/Z0

PB = e−Ig[Aμ,ψ]/Zg

Z0 = ∫ d[Aμ]d[ψ]d[ψ̄]e−I0[Aμ,ψ]

Zg = ∫ d[Aμ]d[ψ]d[ψ̄]e−Ig[Aμ,ψ]

S(PA | |PB) = W0 − Wg + g ⋅ (
dWg

dg )
g=0

= ∫ (d4x)E( 1
2

g4e4

6!π2m4
(FμνFμν)2 +

7
8

g4e4

6!π2m4
(Fμν F̃ μν)2 + 𝒪(m−6)) ≥ 0

• Relative entropy:

Wg = ∫ (d4x)E( 1
4

FμνFμν −
1
2

g4e4

6!π2m4
(FμνFμν)2 −

7
8

g4e4

6!π2m4
(Fμν F̃ μν)2 + 𝒪(m−6))

g

g g

g

where we choose  to remove dim-6 operators∂F = const .
g g

⊃ g2 ⋅ ∫ (d4x)E(∂2FF), ⋯ ⇒ 0, for ∂F = const .

Action in Minkowski space

Example 4 : Euler-Heisenberg theory
• Consider the U(1) gauge field  coupled to a charged fermion Aμ ψ



• Relative entropy:

dim-8 operators

S(PA | |PB) = W0 − Wg + g ⋅ (
dWg

dg )
g=0

= ∫ (d4x)E( 1
2

g4e4

6!π2m4
(FμνFμν)2 +

7
8

g4e4

6!π2m4
(Fμν F̃ μν)2 + 𝒪(m−6)) ≥ 0

Relative entropy constrains Wilson coefficients of dim-8 operator

A
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ProbabilityTheory

B

Partition function

I0 = ∫ d4x (−
1
4

FμνFμν + ψ̄(iγμ∂μ − m)ψ)
Ig = ∫ d4x (−

1
4

FμνFμν + ψ̄(iγμ∂μ − m)ψ − g ⋅ e(ψ̄γμψ)Aμ)

PA = e−I0[Aμ,ψ]/Z0

PB = e−Ig[Aμ,ψ]/Zg

Z0 = ∫ d[Aμ]d[ψ]d[ψ̄]e−I0[Aμ,ψ]

Zg = ∫ d[Aμ]d[ψ]d[ψ̄]e−Ig[Aμ,ψ]

Action in Minkowski space

Example 4 : Euler-Heisenberg theory
• Consider the U(1) gauge field  coupled to a charged fermion Aμ ψ



• Relative entropy:

dim-8 operators

S(PA | |PB) = W0 − Wg + g ⋅ (
dWg

dg )
g=0

= ∫ (d4x)E( 1
2

g4e4

6!π2m4
(FμνFμν)2 +

7
8

g4e4

6!π2m4
(Fμν F̃ μν)2 + 𝒪(m−6)) ≥ 0

Relative entropy constrains Wilson coefficients of dim-8 operator

A
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ProbabilityTheory

B

Partition function

I0 = ∫ d4x (−
1
4

FμνFμν + ψ̄(iγμ∂μ − m)ψ)
Ig = ∫ d4x (−

1
4

FμνFμν + ψ̄(iγμ∂μ − m)ψ − g ⋅ e(ψ̄γμψ)Aμ)

PA = e−I0[Aμ,ψ]/Z0

PB = e−Ig[Aμ,ψ]/Zg

Z0 = ∫ d[Aμ]d[ψ]d[ψ̄]e−I0[Aμ,ψ]

Zg = ∫ d[Aμ]d[ψ]d[ψ̄]e−Ig[Aμ,ψ]

Action in Minkowski space

⇒ Similar results for SU(N) gauge fields are obtained when dim-8 operators are 
generated through the interaction between heavy and light fields.

Example 4 : Euler-Heisenberg theory
• Consider the U(1) gauge field  coupled to a charged fermion Aμ ψ
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• Relative entropy when dim-8 operators are generated by interaction b/w heavy and light fields:

S(PA | |PB) = W0 − Wg + g ⋅ (dWg/dg)g=0 = ∫ (d4x)E
1

Λ4 ∑
i

ci𝒪i ≥ 0

Example 5 : SMEFT SU(N) gauge bosonic operators 

𝒪F4

1 = (Fa
μνFa,μν)(Fb

ρσFb,ρσ)

𝒪F4

2 = (Fa
μνF̃a,μν)(Fb

ρσF̃b,ρσ)

𝒪F4

3 = (Fa
μνFb,μν)(Fa

ρσFb,ρσ)

𝒪F4

4 = (Fa
μνF̃b,μν)(Fa

ρσF̃b,ρσ)

𝒪F4

5 = dabedcde(Fa
μνFb,μν)(Fc

ρσFd,ρσ)

𝒪F4

6 = dabedcde(Fa
μνF̃b,μν)(Fc

ρσF̃d,ρσ)

𝒪F4

7 = dacedbde(Fa
μνFb,μν)(Fc

ρσFd,ρσ)

𝒪F4

8 = dacedbde(Fa
μνF̃b,μν)(Fc

ρσF̃d,ρσ)

𝒪̃F4

1 = (Fa
μνFa,μν)(Fb

ρσF̃b,ρσ)

𝒪̃F4

2 = (Fa
μνFb,μν)(Fa

ρσF̃b,ρσ)

𝒪̃F4

3 = dabedcde(Fa
μνFb,μν)(Fc

ρσF̃d,ρσ)

𝒪̃F4

4 = dacedbde(Fa
μνFb,μν)(Fc

ρσF̃d,ρσ)

[Ta, Tb] = if abcTc

{Ta, Tb} = δab1̂/N + dabcTc

 : generator of  Lie algebraTa SU(N)

※assume the interaction doesn’t involve   
higher-derivative terms
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※  : constant vectors lμ, kμ

- Classical solution of  :   ∂μFa
μν + gf abcAμ,bFc

μν = 0 Aa
μ = ua

1ϵ1μw1 + ua
2ϵ2μw2 with  , , and f abcua

1ub
2 = 0 ∂μw1 = lμ ∂μw2 = kμ

• Relative entropy when dim-8 operators are generated by interaction b/w heavy and light fields:

S(PA | |PB) = W0 − Wg + g ⋅ (dWg/dg)g=0 = ∫ (d4x)E
1

Λ4 ∑
i

ci𝒪i ≥ 0

Example 5 : SMEFT SU(N) gauge bosonic operators 
※assume the interaction doesn’t involve   

higher-derivative terms
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※  : constant vectors lμ, kμ

•  :U(1)Y

•  :SU(2)L

•  :SU(3)C

- Classical solution of  :   ∂μFa
μν + gf abcAμ,bFc

μν = 0 Aa
μ = ua

1ϵ1μw1 + ua
2ϵ2μw2 with  , , and f abcua

1ub
2 = 0 ∂μw1 = lμ ∂μw2 = kμ

cB4

1 ≥ 0, cB4

2 ≥ 0, 4cB4

1 cB4

2 ≥ (c̃B4

1 )2,

cW4

1 + cW4

3 ≥ 0, cW4

2 + cW4

4 ≥ 0, 4(cW4

1 + cW4

3 )(cW4

2 + cW4

4 ) ≥ (c̃W4

1 + c̃W4

2 )2,

2cG4

1 + cG4

3 ≥ 0, 3cG4

2 + 2cG4

5 ≥ 0, 3cG4

2 + 3cG4

4 + cG4

6 ≥ 0, 3cG4

4 + 2cG4

6 ≥ 0,

4(3cG4

1 + 3cG4

3 + cG4

5 )(3cG4

2 + 3cG4

4 + cG4

6 ) ≥ (3c̃G4

1 + 3c̃G4

2 + c̃G4

3 )2

4(3cG4

3 + 2cG4

5 )(3cG4

4 + 2cG4

6 ) ≥ (3c̃G4

2 + 2c̃G4

3 )2

• Relative entropy when dim-8 operators are generated by interaction b/w heavy and light fields:

S(PA | |PB) = W0 − Wg + g ⋅ (dWg/dg)g=0 = ∫ (d4x)E
1

Λ4 ∑
i

ci𝒪i ≥ 0

Example 5 : SMEFT SU(N) gauge bosonic operators 
※assume the interaction doesn’t involve   

higher-derivative terms
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※  : constant vectors lμ, kμ
•  :U(1)Y

•  :SU(2)L

•  :SU(3)C

- Classical solution of  :   ∂μFa
μν + gf abcAμ,bFc

μν = 0 Aa
μ = ua

1ϵ1μw1 + ua
2ϵ2μw2 with  , , and f abcua

1ub
2 = 0 ∂μw1 = lμ ∂μw2 = kμ

cB4

1 ≥ 0, cB4

2 ≥ 0, 4cB4

1 cB4

2 ≥ (c̃B4

1 )2,

cW4

1 + cW4

3 ≥ 0, cW4

2 + cW4

4 ≥ 0, 4(cW4

1 + cW4

3 )(cW4

2 + cW4

4 ) ≥ (c̃W4

1 + c̃W4

2 )2,

2cG4

1 + cG4

3 ≥ 0, 3cG4

2 + 2cG4

5 ≥ 0, 3cG4

2 + 3cG4

4 + cG4

6 ≥ 0, 3cG4

4 + 2cG4

6 ≥ 0,

4(3cG4

1 + 3cG4

3 + cG4

5 )(3cG4

2 + 3cG4

4 + cG4

6 ) ≥ (3c̃G4

1 + 3c̃G4

2 + c̃G4

3 )2

4(3cG4

3 + 2cG4

5 )(3cG4

4 + 2cG4

6 ) ≥ (3c̃G4

2 + 2c̃G4

3 )2

[G.N. Remmen, and N.L. Rodd, arXiv:1908.09845]
U(1) and SU(2) bounds are the same as positivity bounds from unitarity and causality

• Relative entropy when dim-8 operators are generated by interaction b/w heavy and light fields:

S(PA | |PB) = W0 − Wg + g ⋅ (dWg/dg)g=0 = ∫ (d4x)E
1

Λ4 ∑
i

ci𝒪i ≥ 0

Example 5 : SMEFT SU(N) gauge bosonic operators 

SU(3) bounds are stronger than positivity bounds from unitarity and causality

※assume the interaction doesn’t involve   
higher-derivative terms



Summary

• We quantified their differences by relative entropy. 

• Differences between theories with and without interaction characterize UV information.

• When EFTs are generated through interaction

we found that the non-negativity of relative entropy constrains EFTs, e.g.,

heavy lightII[ϕ, Φ] = ∫ (d4x)E 𝒪[Φ]⊗ J[ϕ] =

where we assume  does not involve higher-derivative termsJ[ϕ]

the SU(N) gauge bosonic operators in the SMEFT.

Thank you!



Relative entropy
• Definition of relative entropy b/w two probability distribution functions  and ρA ρB

S(ρA | |ρB) ≡ Tr [ρA ln ρA − ρA ln ρB]

※ Tr[ρA] = Tr[ρB] = 1, ρA = ρ†
A, ρB = ρ†

B

- relative entropy is non-negative

A proof: 

: a convex functionf(x)

xB xA

f(xB)

f(xA)

f′￼(xB)

( f(xA) − f(xB))/(xA − xB)

⇒ Tr[ f(ρA) − f(ρB) − (ρA − ρB)f′￼(ρB)] ≤ 0

Relative entropy characterizes difference between two probability distributions 

S(ρA | |ρB) ≥ 0
 (convex function)f(x) → − x ln x

※ equality holds if and only if  ρA = ρB Property of convex function: f′￼(xB)(xA − xB) ⋅≤f(xA) − f(xB)



Precondition for non-negativity of relative entropy b/w theories

Tr[ρA] = Tr[ρB] = 1, ρA = ρ†
A, ρB = ρ†

B

where probability distribution functions are defined as ρA ≡ e−β⋅HA/ZA, ρB ≡ e−β⋅HB/ZB

• For probability distribution functions  and , i.e.,ρA ρB

S(ρA | |ρB) ≡ Tr [ρA ln ρA − ρA ln ρB] ≥ 0

ρA = ρ†
A, ρB = ρ†

B ⇔ HA = H†
A, HB = H†

B

Entropy consideration is based on the Hermiticity of Hamiltonian 
of theories A and B, i.e., unitariy of theories A and B

If unitarity of theories A and B is violated, non-negativity 
of relative entropy is also violated



• Consider the SM Higgs  coupled to a real singlet field H s
Theory

A I0 = ∫ d4x[ |DμH |2 +
1
2

(∂μs)2 − (μ2
0 |H |2 + λ0 |H |4 +

1
2

M2s2 +
gs ⋅ A1

3
s3 +

λs

4
s4)]

Action in Minkowski space

No interaction 
b/w H and s

Ig = I0 + g ⋅ ∫ d4x ( κ
2

|H |2 s2 − A1 |H |2 s)B
With interaction 

b/w H and s

Probability

PA = e−I0[H,s]/Z0

PB = e−Ig[H,s]/Zg

Partition function

Z0 = ∫ d[H]d[s]e−I0[H,s]

Zg = ∫ d[H]d[s]e−Ig[H,s]

• Relative entropy:

Wg = ∫ (d4x)E[μ2
0 |H |2 + λ0 |H |4 −

g2 ⋅ A2
1 |H |4

2M2 [1 −
2g
M4

⋅
2gsA2

1 + 3κM2

6
|H |2 ]]+ 𝒪(g4)

Effective potential: 

S(PA | |PB) = W0 − Wg + g ⋅ (
dWg

dg )
g=0

= ∫ (d4x)E
g2 ⋅ A2

1 |H |4

2M2 [1 −
2g
M4

⋅
2gsA2

1 + 3κM2

6
|H |2 ]+ 𝒪(g4)

Example: Tree level matching of Higgs-singlet model 



• Consider the SM Higgs  coupled to a real singlet field H s
ProbabilityTheory

B

Action Partition function

Z0 = ∫ d[H]d[s]e−I0[H,s]

Zg = ∫ d[H]d[s]e−Ig[H,s]

PA = e−I0[H,s]/Z0

PB = e−Ig[H,s]/Zg

A I0 = ∫ d4x[ |DμH |2 +
1
2

(∂μs)2 − (μ2
0 |H |2 + λ0 |H |4 +

1
2

M2s2 +
gs ⋅ A1

3
s3 +

λs

4
s4)]

Ig = I0 + g ⋅ ∫ d4x ( κ
2

|H |2 s2 − A1 |H |2 s)

when  is negligible𝒪(g4)⇒ 1 −
2g
M4

⋅
2gsA2

1 + 3κM2

6
|H |2 ≥ 0

S(PA | |PB) = W0 − Wg + g ⋅ (
dWg

dg )
g=0

= ∫ (d4x)E
g2 ⋅ A2

1 |H |4

2M2 [1 −
2g
M4

⋅
2gsA2

1 + 3κM2

6
|H |2 ]+ 𝒪(g4)

• Non-negativity of relative entropy:

≥ 0

Relative entropy provides a criterion of validity of EFT descriptions up to   𝒪(g3)
※ Non-negativity always holds when  is included𝒪(g4)

Example: Tree level matching of Higgs-singlet model 


